M2794.002700 Introduction to Robotics
Midterm Examination 1
April 12, 2018
CLOSED BOOK, CLOSED NOTES

Problem 1 (50 points)

(a) Determine the degrees of freedom for the three mechanisms shown below. Try to use an
appropriate version of Griibler’s formula to justify each of your answers; in cases where this is not
possible, carefully explain your answer based on physical reasoning and intuition.

1. The 3 x PRPS mechanism of Figure 1(a).
2. The 3 x RRRRRSR mechanism of Figure 1(b).

3. The golfer of Figure 1(c): Assume that both feet are always firmly planted to the ground,
and that the two “hands” are rigidly attached to the golf club.

(b) Figure 1(d) shows a rigid ball inside a spherical bowl. The ball is always in contact with the
bowl. Assuming there is no slip between the bowl and the ball, what is the configuration space of
the ball? What if the contact between the ball and the bowl is frictionless?

(c) (d)

Figure 1: Mechanisms for Problem 1.



Problem 2 (50 points)

(a) The planar rigid object of Figure 2(a) is grasped by four frictionless point contacts A, B, C, D
as shown. Is this grasp force closure?

(b) Now suppose point contact D can be moved to anywhere on the object. Draw all possible
locations for D such that the grasp is force closure. You must explain your answer to receive full
credit.

(c) A planar disk of radius R=1 is grasped by two point contacts A, B as shown in Figure 2(b).
Point contact A has friction coefficient u = 1, while point contact B is frictionless. Suppose an
arbitrary external force F' = (Fj, Fy) is applied to the disk at the point shown in the figure. Find
the complete range of all forces F' that can be resisted by the two point contacts A, B. Try to
express your answer as an inequality involving F}, and Fj,.

(d) A three-dimensional rigid sphere of radius R=1 is grasped by three point contacts A, B,C' as
shown in Figure 2(c). Assume that all contact points have the same friction coefficient p = 1.
Determine the range of the angle ¢ so that the grasp remains force closure.

L
L4
Al B
L/8 ;
............ H
B i 45°
F, F
3 A
F, R
3L/8 Tc
(a) A planar rigid object. (b) A planar disk.

(c) A three-dimensional rigid sphere. (d) Top view of the sphere.

Figure 2: Object grasps for Problem 2.



Problem 3 (50 points)

(a) Find R € SO(3) corresponding to the ZXZ roll-pitch-roll angles o = 90°, 5 = 180°, v = 45°
(that is, given a moving frame originally at the identity configuration, rotate this frame about
the fixed frame Z-axis by angle «, then rotate about the fixed frame X-axis by angle 3, then
rotate about the fixed frame Z-axis by angle v, and find the R € SO(3) corresponding to this final
configuration).

(b) Find R € SO(3) corresponding to the ZXZ Euler angles o = 90°, 8 = 180°, v = 45° (that is,
given a moving frame originally at the identity configuration, rotate this frame about its Z-axis by
angle «, then rotate about its displaced X-axis by angle 3, then rotate about its displaced Z-axis
by angle v, and find the R € SO(3) corresponding to this final configuration).

(c) Suppose an object is at initial orientation

1 0 0
Roy= |0 1/vV/2 —-1/V2
0 1/vV2 1/V2

We wish to rotate this object about some rotation axis @ € R3, ||&|| = 1, by some angle 6 € [0, 7],

to the new orientation
1/vV2 —1/V/2 0
Ri=1|1/V2 1/V2 0
0 0 1

Find @ and 6 that achieves this displacement.

(d) Two space stations, the Tiangong-1 (TG-1) and the International Space Station (ISS), are
orbiting the earth as shown in Figure 3. Take the radius of the earth to be R, and assume an
inertial frame {0} is attached to the earth center, with angle # measured counterclockwise about
the inertial frame Z-axis as shown. The TG-1 rotates in a longitudinal circular orbit (i.e., in the
Y-Z plane of the inertial frame) with constant speed v; (refer to the left figure). The ISS rotates

in another circular orbit, parallel to the X-Y plane, of radius Ry = {/R? — R; and at a distance

R/+/2 from the earth center (refer to the right figure). The locations of the two frames at time
t = 0 are as indicated in the figures. Moving reference frames {1} and {2} are respectively attached
to the TG-1 and the ISS in the following manner:

e The z-axis of frame {1} always points toward the earth center, while the z-axis always points
in the direction of the T'G-1’s velocity vector;

e The y-axis of frame {2} always points toward the center of the ISS orbit, while the z-axis
points in the direction of the ISS’s velocity vector.

Denote by T;; € SE(3) the 4 x 4 rigid body transformation matrix describing the position and
orientation of frame {j} as seen from frame {i}. Find Ty; and Ty as a function of time t.

(e) The TG-1 is expected to crash to earth on April 1, 2018, and by an inexplicable twist of fate,
Matt Damon is aboard the TG-1 and must again be rescued. A rescue spacecraft is launched into
a longitudinal circular orbit at § = 0°, moving at the same speed as the TG-1. The plan is for
Matt Damon to extricate himself from the TG-1, and to use his jet pack to maneuver himself to
rendezvous point P, where he will be rescued by the spacecraft. Assume frame {3} is attached to
the rescue spacecraft such that its z-axis always points in the outward radial direction and its x-axis
points in the direction of its velocity vector. The position and orientation of the rescue spacecraft
at time ¢ = 0 is as shown in Figure 4. Derive Tps as a function of ¢.

(f) Matt Damon’s position can only be measured from the ISS; his coordinates with respect to



frame {2} are ps = (O, Ry, Ry — %) Find p3 € R3, his coordinates with respect to frame {3}, and
also the time T' it will take for the rescue spacecraft to reach Matt Damon.

(g) After rescuing Matt Damon, the spacecraft must now rendezvous with the ISS at time ¢t = 377/2
to drop Matt off. The velocity vector of the ISS at ¢t = 37'/2, expressed in the inertial frame {0}
coordinates, is given by (0, —vg,0). What is the corresponding ISS velocity vector expressed in

frame {3} coordinates?

Figure 3: Problem 3(a)

Figure 4: Figures for Problem 3(e)-(g)



Problem 4 (50 points)

(a) Two parallel revolute joints of a robot are connected by a link as shown in Figure 5(a). For the
link frames {0} and {1} assigned as shown and assuming the robot is in its zero position, find the
corresponding Denavit-Hartenberg parameters for 7p;.

(b) Due to imprecisions in the manufacturing process, joint axis 0 is not quite parallel to joint axis
1; instead, it is rotated by a small angle ¢ about the yp-axis as shown in Figure 5(b). Assign a new
link frame {0} and find the corresponding Denavit-Hartenberg parameter d;. Draw a graph of dy
versus ¢ over the range ¢ € [—175, 105)-
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(a) Two parallel revolute joints for Problem 4(a).  (b) Two slightly misaligned revolute joints for Problem

A(b).

Figure 5: Two revolute joints for Problem 4(a) and 4(b).

(c) Now consider the RRPRRR spatial open chain of Figure 6, shown in its zero position. Frames
{0}, {6}, and some Denavit-Hartenberg parameter values are given as shown in Figure 6(a) and
Table 6(b). Draw appropriate link frames and fill in the rest of Table 6(b) with the corresponding
Denavit-Hartenberg parameter values.

(d) For the same RRPRRR open chain shown in its zero position, denote by M5 € SE(3) the
displacement of frame {5} with respect to frame {1}. Find the end-effector pose Tps € SE(3) when
0y =m, 02 =03 =0, =05 = 0,06 = 5. You may express your answer in terms of Rot() and Trans()
operations.
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Figure 6: RRPRRR open chain for Problem 4(c)-(d).






