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Abstract

We are studying a juggler’s skill called the “ butterfly.”
Sartingwith a ball resting on the palm of his/her open hand,
a skilled juggler can accelerate and shape his’her hand so
that theball rollsup thefingers, over thetop, and back down
totheback of thehand. Thispaper describesaroboticimple-
mentationof the butterfly. The hand’sshape and motion com-
bineto effect the rolling motion of the ball, and we find that
the shape and motion parameters enter the dynamic equa-
tionsin a similar way. We define parameterized spaces of
hand shapes and motions, and using a simulation based on
therolling equations, weidentify shape and motion sol utions
that roll the ball from one side of the hand to the other. We
describean implementation of the butterfly on our planar dy-
nami c manipulationtestbed FLATLAND. Thisexampleisour
first step toward exploring the roles of shape and motionin
dynamic manipulation.

1 Introduction

Therobot manipul ation problemisto find aset of controls
that map the current state of the world to agoa state, where
this mapping M is governed by the laws of physics. Typi-
cally theraobot control sare specified asmotionsor forcesand
the system is engineered to simplify the mapping M, mak-
ing it easier to construct robot plans. For instance, agrasped
object tracks the motion of the hand, simplifying M to an
identity rel ationship between hand and object motions.

For manipulation by pushing, throwing, tapping, rolling,
and catching, however, the mapping M isafunction of ma-
nipul ator shape, compliance, friction, restitution, etc. 1f we
treat these as design (control) variables, then it is possible
to exploit the information embedded in M to simplify robot
hardware. Instead of constructing powerful dexterousrobots
to force M to be a simple function, we can construct simple
robotswhichwork with, not against, the natural environmen-
tal dynamics.

In this paper we consider the relative roles of manipula
tor shape and motion in dynamic nonprehensile manipula-
tion. By nonprehensilewe mean that the manipul ated object
is not grasped. By dynamic we mean that the robot exploits
dynamicsto help control the motion of thepart. An example
of dynamic nonprehensilemanipulationis shooting abasket-
ball. As the hand moves, dynamic forces cause the ball to
roll up the hand and off the fingertips into a free-flight tra-
jectory toward the hoop. With dynamic nonprehensile ma-
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Figurel: Sketch of ajuggler doing a“butterfly.”

nipulation, a robot can cause motion of the part relative to
the end-effector, thereby controlling more part degrees-of-
freedom (Lynch and Mason [9]).

This paper focuses on rolling manipul ation, where an ob-
ject rollsfreely on the surface of the manipulator. We find
that the derivative of the curvature of the manipulator sur-
face and the acceleration of the manipulator enter into the
dynamic equations of rollingin a similar way. Thisimplies
that, at least locally, we can trade freedom in the manipula-
tor tragjectory for freedom in the manipulator surface shape.
To obtain a desired rolling motion of the object, we may be
able to reduce the number of actuators required by properly
designing the shape of the surface. Thisisatype of dynamic
cam—we can use rolling dynamics and freedom in design-
ing the shape of the manipulation surface to transform sim-
plerotational or trand ational actuator motionsto the desired
motion of the object.

2 TheButterfly

We have begun our investigation into the roles of shape
and motion in dynamic manipulation by examining a jug-
gler’sskill called the “butterfly” (Figure 1). Starting with a
ball resting on the palm of hig/her open hand, a skilled jug-
gler can accelerate and shape his’her hand so theball rollsup
the fingers, over the top, and down to the back of the hand.

Our goal wasto perform a planar version of thisskill with
aonejoint robot, as shown in Figure 2. The design problem
isto find a hand shape and 1 DOF revolute motion profile
that rollsthedisk from one side of thehand to the other while
maintaining rolling contact at al times.
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Figure2: A simulated robotic butterfly. Gravity acts downward.
The contact force is shown.

3 Dynamic Rolling Equations

Inthissection we present the dynamic equationsof rolling
between a moving surface (the “hand,” which could be any
manipulator surface) and an object rolling with point contact
on thesurface. We assume a hard contact model—no torque
can be applied about the contact normal, and spin about the
contact normal isnot explicitly prohibited. Only dipisdis-
allowed.

Thekinematic equationsof rolling have been derived pre-
vioudly in the context of rolling within a grasp. First-order
analysis relating the relative velocity of two objects to the
change in contact coordinates has been carried out by Kerr
and Roth [7], Montana [10], and Cole et al. [3]. Sarkar et
al. [11] built on Montana s work by deriving the second-
order rel ationship between the rel ative motion of the contact-
ing bodies and the acceleration of the contact coordinates.
Thisinformation is used in the dynamic control of rolling
motion in a grasp. Ca and Roth [2] derived the equations
of motionin amanner alowing higher-order analysis.

Our derivation builds on this work, but differs in two
ways. 1) The motion of the object relative to the hand is not
specified, but rather is determined by the acceleration (and
resultant contact forces) of the hand. The input to the equa
tions of motion isthe acceleration of the hand, and the out-
puts are the acceleration of the object and the accel eration
of the contact coordinates. This is a second-order dynamic
analysis. 2) Our devel opment appliesto both the planar and
the spatia case. For this reason, we adopt notation similar
to that of Cole et al. [3] (see Figure 3). In the spatial case,
simple transformations provide the metric tensor, curvature
tensor, and torsion form used by Montana[10].

The hand is a one-dimensional curve (planar case) or a
two-dimensional surface (spatia case). The hand islocally
parameterized by sj,, where s, € R in the planar case and
sp € R? in the spatial case. In a coordinate frame F;, at-
tached to the hand, the contact positionis given by ¢ (sp,),
where ¢;, € R? inthe planar case and ¢;, € R3 inthe spatial

Figure 3: Coordinate conventionsfor the hand.

case. We define the 2x1 (or 3x2) Jacobian
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Jp= —.
h 65h

The outward-pointing unit contact normal at s;, is given by
np(sn). Intheplanar case, i, issimply J5 /|| 3| rotated by
90 degrees so that it is the outward-pointing normal. (Alter-
natively, considering .J /||7x || @ a 3-vector with zero third
component, n;, is thisvector crossed with a unit vector out
of theplane.) In the spatial case, n;, isthennormalized cross-
product of thetwo columnsof /. The 2x1 (or 3x2) Jacobian
of n;, defines the curvature of the surface and iswritten

Ky =—.
h 65h

The contact point in aworld frame F,, isgiven by
zh+ Ruen(sy),

where z;, isthe location of F;, in F,, and R is arotation
matrix (x5 € R", Ry € SO(n) where n = 2 in the planar
case and n = 3 inthe spatial case). The time derivatives of
xp arewritten @, = vy, and #;, = a;. The angular velocity
and angular acceleration of F;, in F,, arewrittenw;, and «y,
respectively. In the planar case, we have

0 —Wp ) Rh

Rh = (th)Rh = ( Wi, 0

and in the spatia case, we have

. 0 —Wh3  Wh2
Rh = (th)Rh = Wh3 0 —Wh1 Rh.
—Whz  Wh1 0

The matrix (apx ) may be defined similarly to (wpx).

We can make similar definitions for the object being ma-
nipul ated, replacing thesubscript “h” (for hand) withthe sub-
script “o” (for object). The object frame F, isfixed to the
center of mass of theobject. The mass of the object ism and
itsinertiamatrix is I, expressed in F,,.



Weare now ready to derive the rolling equations.

1) Contact position constraint. The contact pointson the ob-
ject and the hand must be coincident:

zh+ Rpen — (2o + Roc) = 0.

Thisconstraint differenti atestwicetoyield thefollowingtwo
(three) linear equationsin the planar (spatia) case.

ap + (Oth Fwp X th)RhCh + 2wp X Ry, Jp5n
+Ru(Tnsn + Jnsn) — (a0 + (@oX +woX woX ) Roc,
+2woX Rodoso+ Ro(Jobo+J08,))=0. (1)

2) Contact normal constraint. The unit contact normalsmust
be opposite:
R,n,+ Rpnp =0.

Thisconstraint differentiatestwicetoyield thefollowingtwo
(three) linear equations in the planar (spatial) case. One of
these equations is redundant because n, and n; are con-
strained to be unit.

(oX FwoX WX ) Roftg + 2wox Ro Ko $o
+Ro(Kobo+ Kobo) + (anx +wpx wpx) Ryt
+2wp X Rh](héh—l—Rh([(hS.h—l—Rrhéh)IO. (2)

3) Rollingconstraint. To maintainrolling, theaccel eration of
the contact points on the object and the hand must be equal
when projected to the contact tangent space. Thisyieldsone
(two) linear equations in the planar (spatial) case.

Ry Ty (an + (anx +wpx wix) Rpcp
—a,— (@oX Fwox weX ) Roco) = 0. ©)

4) Force congtraint. The contact force passes through the
contact point. Thisyields one (three) linear equationsin the
planar (spatia) case:

T—rx f=0
or equivalently,
Lya,+wex Iyw, — Ryeo X ma, = 0. 4

I, = R,I,RY isthe object inertia matrix expressed in the
world frame F,,. Thew,x I,w, term vanishes in the planar
case.

We would like to solve Equations (1)—(4) for a,, «,, $,,
and sp, as afunction of the state of the system and theinputs
ap, and «y,. (We assume the input is the acceleration of the
hand, not force/torque.) Rearranging the egquations, we get
theform

AX = b,

where A is6x5 (11x10), x (the variables to be solved for) is
a 5-vector (10-vector), and b is a 6-vector (11-vector) in the
planar (spatial) case. These equations may be solved by pre-
multiplying each side by (ATA)~!A”, the pseudo-inverse

of A, allowing usto simulate dynamic nonprehensilerolling
manipulation of smooth objects. In practice we aso add a
“snapping” routineto make sure the object stays on the sur-
face of the hand. We have written a rolling ssmulator in C.
The simulation enforces rolling contact; we check the con-
tact forceimplied by «, and «,, to see if contact and friction
constraints are satisfied.

The curvature derivative shape information in the term
Ky = %Ij: $p, (Equation 2) givesusaway to design the shape
of the hand to affect therollingmotioninaway similar to the
acceleration of the hand. This curvature derivative informa-
tion integratesto yield the shape of the hand.

4 Designing the Shape and Motion

Using the rolling simulation, we would like to design a
hand shape and motion to solvethe planar butterfly task. Be-
low we describe a space of shapes and motions from which
we will find a solution.

4.1 Shape Space

We would like a symmetric hand with a stable well (loca
minimum inagravity field) when thedisk isat the beginning
or end of theroll, asinFigure 2. Wechose simplepolynomial
functions satisfying these conditions:

z(sp) = a—i—csi —|—652

y(sn) = bsp + dsz + fsz,

where s, € [—1, 1] describes theright half of the hand. (The
other half is the mirror image.) Note that x(s) and y(sp,)
are even and odd functions, respectively. The six coeffi-
cients must satisfy the two independent equations z(—1) =
z(l)=0and y'(—1) = /(1) = 0, where the constraint on
y'(£1) forces the hand to beflat at these points. We chose
a = 18, b = —18, leaving a two-dimensional shape space
which can be parameterized by ¢ and d (Figure 4). Essen-
tially d controlsthe depth of thewell and ¢ controls whether
or not the curvature is pushed out to the ends of the hand.
For our experiments, we chose « = 18.0cm, b = —18.0cm,
¢c=—25.2cm,d=21.6cm, e = 7.2cm, and f = —9.36cm.

Twoimportant pointsareworth noting. First, not al points
in the shape space correspond to appropriate hands. Some
choicesof ¢ and d yield self-intersecting curves, curveswith-
out wells, or wells with curvature too high to accommodate
the disk (radius of 5.1cm in the experiments). Second, the
curvatureisdiscontinuousat s;, = 41, because we have re-
quired only that n; be continuousthere. The rolling equa-
tionsareill-defined at s;, = &1. Thisproblem can be solved
by increasing the order of the shape polynomiasand forcing
them to satisfy continuous curvature and curvature deriva-
tiveconstraintsat s;, = +1. Here we use the low order poly-
nomialsand simply take carein thesimulation near thesesin-
gularities.

4.2 Motion Space

We would like to find a symmetric hand motion that dips
the hand to begin the disk rolling, rotates 180 degrees toroll
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Figure4: Some pointsin the two-dimensional hand shape spacefor
a = 18, b = —18, and the shape we chose for our experiments.
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Figure5: Example motion profilesfor different valuesof .

the disk to the other side of the hand, overshoots to stop the
rolling, and finally settlesin ahorizonta position. We chose
the following motion profile:

o) = TUA=T)+ k(=T +1(t =T)°)
0= 2(jT+ kT3 +115)

—|—g,t€[0,2T]

where 277" is the total time of the motion. This function ro-
tates the hand from O to =. We require #(0) = 6(27') = 0
and we set j = 1. The remaining two-dimensional motion
space can be parameterized by & and 7', where k determines
how far the hand initially dips to begin rolling of the disk.
k = —2/3 yields zero dip, and the dip increases with in-
creasingly negativevaluesof k. Examplemotion profilesare
showninFigure5.

4.3 Smulation

Using the simulation with the hand shape chosen in Sec-
tion4.1 and adisk of uniformmass and aradiusof 5.1cm, we
found a one-dimensiona locus of solutions to the butterfly
probleminthetwo-dimensional £ — 27" motionspace. (Fora
given motion, we could similarly find a one-dimensional lo-
cus of solutionsin the two-dimensiona ¢ — d shape space.)

Figure6: Surface plot of the contact parameter s;, at time 7" dur-
ing the butterfly as a function of £ and 27". Thelocus of k£ — 27T
solutions to the butterfly correspondsto the pointswhere s;, = 0.

A “solution” isany motion that takes thedisk to exactly zero
velocity on the opposite side of the hand. Because the hand
shape and the motion are symmetric, the motion of the disk
on the hand is symmetric for any solution.

In a neighborhood of a solution in the k — 27" space, in-
creasing the initia dip (smaller k) or the motion time 27
causes the disk to roll further (past the god position). Fig-
ure 6 shows the hand contact parameter sy at time 7" dur-
ing the butterfly as a function of k£ and 27". Because of the
symmetry of solutions, a necessary condition for a solution
motionisthat s;, = 0 at time 7. The smoothness and mono-
tonicity of the s;, surface of Figure6 allow usto quickly con-
verge on the locus of points satisfying this condition.

Infull gravity (9.8m/s?2), thefastest solutionwhich main-
tainscontact at all timesis27 = 1.095s, with k = —1.1493.
At this speed, the contact force becomes zero when the disk
reachesitsapex. At any higher speed the hand will throw the
disk. Thisisthetime-optimal rolling solutionin the k£ — 27"
motion space.

Figure 2 shows the solution for 27" = 1.181s and k =
—1.1393. Inthisexample, the contact forceat the apex of the
roll is 17.5% of the gravitational force. Thismotion requires
acontact friction coefficient of 0.306 to maintainrolling con-
tact. Aswe increase 27, the value of & that solves the but-
terfly problem increases, implying asmaller initia dip (Fig-
ure 7). The friction coefficient required to maintain rolling
goes to zero as 27" goes to infinity. Thisis because thereis
alocusof (8, sp) equilibrium configurations connecting the
start configuration (0, —1) and the goal configuration (7, 1)
where the contact force isnormal to the surface and through
the disk center of mass. Some of these configurations(in the
wells) are stable, others are unstable.

5 Experimental Testbed: FLATLAND

We implemented the butterfly on FLATLAND (Figure 8).
Webuilt FLATLAND to be ageneral testbed for experiments
in planar dynamic manipulation. FLATLAND consists of a
tiltableair table, allowing usto perform planar dynamic ma-
nipul ation experiments with variable gravity; a set of ma
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Figure7: Plot of k — 27T solutionsto the butterfly problem and the
corresponding minimum contact force asaratio to the gravitational
force.
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Figure8: The FLATLAND experimental setup.

nipulator modules that can be configured as 1 or 2 DOF
robots mounted on rails around or over the air table; and a
30 Hz OKK vision tracking system to track the motion of
objects on the table. To the underside of each manipulator
link is attached a manipulation surface. The manipulation
surfaces are the parts of the robot actually making contact
withthelaminar objectsfloating on thetable, and they can be
changed easily to allow usto experiment with new manipu-
lator shapes (Figure 9). The manipulatorsare controlledby a
Pentium PC which receives vision data from an NEC PC98
which processes the data from the OKK vision tracker.

The hand was cut from a uminum by a CNC machine and
attached to a manipulator module configured as a 1 DOF
robot. The disk is made of plastic and isencircled by rubber
O-ringsto increase friction with the al uminum manipulation
surface. We set the air tableto a5 degree angle, introducing

atime-scaling x = /1/sin5° = 3.387 from the full-gravity

. . link
manipulation
surface /

!

Figure9: Manipulation surfacesattached to the robot linksactually
make contact with objects on the air table.

rollingsolutions. (Increasing thetime-scal e permitsmorevi-
sion data during theroll.) The hand was made to follow the
trgjectory 27 = x(1.181s) =4.0s, k = —1.1393, asshownin
the simulation in Figure 2. Even without feedback, the but-
terfly often successfully rolled the disk to the goa well. By
simply scaling 277, the butterfly was performed at different
table angles.

The open-loop butterfly is not robust. Often the disk rolls
too far, overshooting the fina position, or does not roll far
enough, never reaching the goal configuration. In both cases
the hand drops the disk. To make execution robust, we
implemented vision feedback control. A simple estimator
was used to estimate the disk’ s position between vision data
frames, and thisdata was used in a 1 kHz control loop. The
control followsthree stages:

1. Perform theinitia dipping motion open-loop to get the
disk rolling along the hand.

2. Oncethedisk has passed acertain point (typically s;, >
—0.9), ssimply servo the hand toward the angle and an-
gular velocity intheplanned trajectory that corresponds
to the disk’s current position on the hand. In other
words, the contact parameter s;, drives the hand’s mo-
tion. During this stage s; ismonotonically increasing,
so there is a one-to-one mapping between s;, and the
planned manipulator angle and angular velocity. The
control law iswritten

0= k(O (sn.0) — 0a) + ka0 (s1,0) — ).

where k,,kq > 0, s, IS the actua contact parameter
(fromvision feedback), 4, isthe actual hand angle, and
6, (sn,q) isthe planned hand angle when the disk is at
sp.q. (INour control system, the commanded acceler-

ation @ is used to calculate a new reference position ¢
and velocity ¢, which are then used in a PD controller
to calculatejoint torque. Thisapproach suppressesnon-
linearitiesin the actuator dueto friction, etc.)

3. Oncethedisk has passed acertain point (typicaly sp, >
0.9), perform the final overshoot motion open-loop.

Despitethe simplicity of thecontroller, it significantly sta-
bilizestherollingmotionto small errorsininitia conditions.
Figure 10 shows experimental datafor abutterfly under feed-
back control with27 = 4.0s, k = —1.1393. The# and s}, tra
jectories are symmetric, but the execution time is extended
to approximately 4.23s. The controller slowed the motion
of the hand in stage 2 to allow the disk more rolling time to
compensate for errors.

If the rolling velocity after stage 1 is too large, the hand
may throw the disk dightly when the disk reaches the top
of the hand. (The butterfly often succeeds despite this, as
the hand catches the disk and continues on the trgjectory.)
A dlower nominal motion, which maintains a higher nomi-
nal contact force, could alleviate thisproblem. Another fail-
ure mode is when the disk does not have enough velocity
fromtheinitia dip to reach the top of the hand. We are cur-
rently investigating nonlinear feedback controllersbased on
the rolling dynamics to make the butterfly more robust.
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Figure 10: Experimental datafor a butterfly with 27" = 4.0s, k =
—1.1393, and the table set at a 5° angle. The controller slowsthe
execution of the hand trajectory during stage 2 to allow the disk
morerolling timeto compensatefor errors. Thetotal executiontime
is approximately 4.23s.

6 Discussion

The butterfly system resembles a revolute two-joint
robot with an unactuated second joint (Arai and Tachi [1];
Suzuki et al. [12]). Both systems are subject to a second-
order nonholonomic constraint from a passive pivot joint.
Threeimportant differencesare; 1) The pivot pointisrolling
along the surface of the manipulator with the butterfly. 2)
The butterfly is performed in a gravity field. This alows
equilibrium configurations to be stabilized, but trgjectories
cannot be time-scaled. The time scale is chosen by gravity.
3) Thereisalimited friction cone of contact forces that can
be applied into the disk. Contact force constraints make the
control problem particularly challenging.

Wehavebroken the control of thebutterfly into two stages,
as suggested by the nonholonomic nature of the system:
planning a nominal trajectory and feedback stabilization of
that trajectory. Figure 6 suggests that gradient-descent ap-
proaches could be applicableto thetraj ectory planning prob-
lem; see, for example, (Divelbiss and Wen [4]; Fernan-
desetal. [5]; Lynch and Mason [8]). The optimization could
also solve simultaneously for shape parameters according to
some cost function weighting shape and motion. Since the
motion of the disk is solved for by simulation, care must be
takento avoid numerical problems, especidly if finitediffer-
ences are used to approximate gradients.

7 Conclusion

We have derived the dynamic equations of nonprehensile
rolling and used a simulation based on them to find shape
and motion solutions to the planar butterfly problem. We
have successfully implemented a solution on FLATLAND,
our testbed for dynamic manipulation. Feedback control is
used to stabilize the planned trgjectories. Future work in-

cludesautomatic trgectory planningfor dynamic rollingma-
nipul ation; more robust nonlinear feedback control; design-
ing mani pul ation surfacesto achieve adesired rollingmotion
with a low degree-of-freedom robot; and investigating the
roles of shape and motion in other kinds of dynamics, such
asimpact in vibratory parts feeding.

Acknowledgments

This work was performed while the first author was an
STA postdoctoral fellow at the Biorobotics Division of the
Mechanical Engineering Laboratory. We thank the Science
and Technology Agency of Japan and the Robotics Depart-
ment of MEL for their support. We especially thank Garth
Zeglin and Matt Mason for suggesting the butterfly problem.
Their air tablesetup at Carnegie Melloninspired many of the
ideasused in FLATLAND.

References

[1] H.Arai and S. Tachi. Position control system of atwo degree
of freedom manipulator with a passivejoint. |EEE Transac-
tions on Industrial Electronics, 38(1):15-20, Feb. 1991.

[2] C.Cai andB. Roth. Onthe spatial motion of arigid body with
point contact. In IEEE International Conferenceon Robotics
and Automation, pages 686695, 1987.

[3] A.B. A. Cole, J. E. Hauser, and S. S. Sastry. Kinemat-
ics and control of multifingered hands with rolling contact.
IEEE Transactions on Automatic Control, 34(4):398-404,
Apr. 1989.

[4] A.W. Divelbissand J. Wen. A global approach to nonholo-
nomic motion planning. In IEEE Inter national Conferenceon
Decision and Control, pages 1597-1602, 1992.

[5] C.Fernandes,L. Gurvits,andZ. Li. Attitude control of aspace
platform/manipulator system using internal motion. Interna-
tional Journal of Robotics Research, 13(4):289-304, 1994.

[6] H.Hitakawa. Advanced parts orientation system haswide ap-
plication. Assembly Automation, 8(3):147-150, 1988.

[7] J. Kerr and B. Roth. Analysis of multifingered hands. Inter-
national Journal of Robotics Research, 4(4):3-17, 1986.

[8] K.M.Lynchand M. T. Mason. Dynamic underactuated non-
prehensile manipulation. In IEEE/RSJ International Confer-
enceon Intelligent Robotsand Systems, pages889-896, 1996.

[9] K.M.Lynchand M. T. Mason. Dynamic manipulation with a
onejoint robot. In IEEE Inter national Conferenceon Robotics
and Automation, pages 359-366, 1997.

[10] D.J. Montana. Thekinematics of contact and grasp. Interna-
tional Journal of Robotics Research, 7(3):17-32, June 1988.

[12] N. Sarkar, X. Yun, and V. Kumar. Control of contact in-
teractions with acatastatic nonholonomic constraints. Inter-
national Journal of Robotics Research, 16(3):357-374, June
1997.

[12] T.Suzuki, M. Koinuma, and Y. Nakamura. Chaosand nonlin-
ear control of anonholonomicfree-joint manipulator. In IEEE
Inter national Conferenceon Robotics and Automation, pages
26682675, 1996.



