
ME 449 Quiz 2 Name:
December 5, 2025

Always show your work or reasoning so your thought process is clear. If you need
more space for your work, you can use the back side of the previous page. No elec-
tronics allowed (e.g., phone, watch, tablet, computer, calculator, etc.). If you find
yourself trying to perform complex calculations, you are not thinking about the prob-
lem correctly; no complex calculations are needed.



1. (4 pts) The end-effector frame {b} is shown below for a two-joint robot with a current joint
vector θ0 = [0, 2]T, i.e., Tsb = T (θ0). You would like to find a joint vector θ∗ satisfying
T (θ∗) = Tsd, where {d} is also shown in the figure. You decide to use Newton-Raphson
inverse kinematics, starting from θ0, to approximately find θ∗. Assuming
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what is θ1, your joint vector guess after one Newton-Raphson iteration?
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2. (4 pts) The Lagrangian for a two-joint robot is L = L1 + L2 + · · · . One of the terms in the
Lagrangian is L1 = m2θ̇1θ̇2 sin θ2. The dynamics of the robot can be expressed in the form[

τ1
τ2

]
=

[
M11(θ) M12(θ)
M21(θ) M22(θ)

] [
θ̈1
θ̈2

]
+

[
c1(θ, θ̇)

c2(θ, θ̇)

]
+

[
g1(θ)
g2(θ)

]
.

Use the Euler-Lagrange equations to find the contributions of L1 to τ1 and τ2. For each term
in your solution, indicate whether it would contribute to an M11,M12,M21,M22, c1, c2, g1, or
g2 term.



3. Consider the function y(x) shown below. You will use iterative Newton-Raphson to try to
find a value x∗ satisfying y(x∗) = 2. Your Newton-Raphson guesses will always be limited to
the range 0 to 10.
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(a) (2 pts) Your initial guess at a solution is x0 = 9. On the graph above, approximately but
clearly draw one iteration of Newton-Raphson to calculate your next guess, x1. What is
the approximate value of x1, as indicated by your drawing?

(b) (2 pts) What solution x∗ will the Newton-Raphson process converge to (approximately)?
Explain.

(c) (2 pts) The stopping condition for the iterative process is |2−y(x)| < 0.1. How many to-
tal iterations do you expect the process to take to meet the stopping condition? Explain.



4. (2 pts) Two massive bodies, a and b, are rigidly attached to each other. The spatial inertias of
each body are Ga and Gb, respectively, measured in frames {a} and {b} at the bodies’ centers
of mass. The configuration of {b} in {a} is written Tab. The rotational and translational
dynamics of the composite rigid body can be written

Fa = ZV̇a − [adVa ]
TZVa.

Give Z in terms of Ga, Gb, and Tab.

5. The dynamics of a mass-spring-damper system are 4ẍ+8ẋ+12x = f , where f = Kpxe+Kdẋe
is the PD control law you will design. The error is xe = xd − x, and xd(t) is constant.

(a) (4 pts) For xd(t) = 0, you would like the controlled system to have critical damping
and, starting from xe(0) = 1, the error should settle to values in the range |xe| < 0.02
in approximately 1 second. What Kp and Kd do you choose?

(b) (2 pts) For xd(t) = c (a constant nonzero position), what is the steady-state error
xe(t → ∞) for Kp = Kd = 10?



6. The figure below shows a time-optimal time scaling, a velocity limit curve, and example (s, ṡ)
states labeled as points A–L. Do not draw anything on this figure until part (f).
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Do not draw anything on
this figure until part (f).

(a) (2 pts) Which labeled states on the time-optimal time scaling correspond to a switch
from maximum deceleration to maximum acceleration? (List all of them.)

(b) (2 pts) Which labeled states certainly cannot be reached from the initial state (s, ṡ) =
(0, 0)? (List all of them.) Explain.

(c) (2 pts) From which labeled states will the robot certainly be unable to stay on the path
θ(s), s ∈ [0, 1], all the way to the end state (s, ṡ) = (1, 0)? (List all of them.) Explain.

(d) (2 pts) This robot has two actuators. If we pick a random state on the time-optimal
trajectory, how many actuators are likely to be saturated (operating at full capacity) at
that state, 0, 1, or 2? Explain.

(e) (2 pts) At a state (s, ṡ), L1(s, ṡ) = −1, L2(s, ṡ) = 3, U1(s, ṡ) = 1, and U2(s, ṡ) = 4.
Which of the labeled points could be at this (s, ṡ)? (List all of them.) Explain.

(f) (2 pts) Draw the motion cones (tangent vector cones) at each of the labeled states where
it is possible to know the angles of the cone vectors. (Don’t worry about the lengths of
the cone vectors; focus on the angles.) Don’t draw anything at other points.


