M2794.002700 Introduction to Robotics
Midterm Examination 1
April 6, 2017
CLOSED BOOK, CLOSED NOTES

Problem 1

(a) Use Griibler’s formula to find the degrees of freedom of the mechanism shown in Figure 1-(a).
(b) Use Griibler’s formula to find the degrees of freedom of the 3-PPSR mechanism of Figure 1-(b)
(note that the three boxes can only slide in the direction of the arrows; they cannot rotate).

(¢) The Delta robot of Figure 1-(c) consists of two platforms—the lower one is mobile, the upper
one is fixed to the ceiling—connected by three leg identical legs: each leg is an RR serial chain
connected to a close-loop parallelogram linkage (each of the joint types are labelled in the figure).
This Delta robot has 3 degrees of freedom. Use Griibler’s formula to find the degrees of freedom
of this robot. Is your answer 3?7 If not, explain why Griibler’s formula fails.

(d) Figure 1-(d) shows another version of the Delta robot in which the S joints are now replaced by
R joints. Use Griibler’s formula to find the degrees of freedom of this robot. Can this robot move?
Explain your answer, including all assumptions made.



(c) Delta robot ver.1 for Problem 1-(c). (d) Delta robot ver.2 for Problem 1-(d).

Figure 1: Various mechanisms for Problem 1.



Problem 2

The planar rigid object shown in Figure 2 has corners A, B, ---, F, and O. The fixed frame is
attached at O as shown, and each grid is of size 1 x 1. Points Py, P», P3, and P4 are point contacts
(P, and Pj lie at the center of BC and QF, respectively).
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Figure 2: Planar rigid object for Problem 2.

(a) In Figure 2-(a), the point contacts Pj, P», and P5 are frictionless. (For this problem, you ignore
the external forces drawn at R and Q.) Is this grasp force closure? Explain your answer.

(b) Now assume that arbitrary external normal forces R and Q are being applied to the object as
shown in Figure 2-(a). Point contacts Pj, Py, and P are frictionless as before. Are these three
point contacts sufficient to resist the external forces R and Q7

(c) In Figure 2-(b), assume that point contacts P;, Py, P3, and Py are frictionless. Determine the
range of x that makes the grasp force closure.



Problem 3
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Figure 3: Game arcade claw machine for Problem 3.

Figure 3 shows a game arcade claw machine (only two dolls are remaining). Reference frames {0},
{1}, {2}, {3},and {4} are attached to the base, ceiling, the claw, and each doll as shown. The
following vectors and matrices are defined:

e p;j € R3 is the vector from frame {i} to frame {j}, expressed in frame {i} coordinates.

e R;; € SO(3) is the 3 x 3 rotation matrix describing the orientation of frame {j} as seen from
frame {i}.

e T;; € SE(3) is the 4 x 4 rigid body transformation matrix describing the position and orien-
tation of frame {j} as seen from frame {i}.

In what follows, T3 is given as

~¥3 10 —06
1 V3
Tyy=| 2 =2 0 05
0 0 -1 07
0 0 0 1

(a) Find pP13-
(b) Suppose Rzy = el where & € R? is a unit vector in the direction of (—2,5,1)” expressed in
frame {3}, and 0 = 5. Write down an explicit expression for Rz4.



(c) Now you are trying to pick up the doll at frame {3}. At the instant the button is pressed, the
claw moves downward in the z-direction while also rotating about the z-axis and swinging about
y-axis. The claw’s movement can be described as the following matrix in terms of time t¢:

P13,z
Rot(z,wt) - Rot(y, % sint P13,
Tha(t) = (& wt) (05 in) vt—li-(l)/.l ’
0 0 0 1

0.4
where w = {(rad/s) and v = 7(111/5) Suppose the claw stops when the origins of frames {2} and

{3} meet. Find T3 at the instant the claw stops.



Problem 4

The RRRRRRP spatial open chain of Figure 4-(a) is shown in its zero position. Frames {0}, {5},
and some Denavit-Hartenberg parameters are given. Attach appropriate link frames and find the
remaining Denavit-Hartenberg parameters.
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Figure 4: RRRRRRP open chain



M2794.002700 Introduction to Robotics
2017 Midterm Examination 1 Solution

Problem 1 (50 Points)

(a) The movement of this mechanism is constrained to the plane. Applying Griibler’s for-
mula for planar mechanism yields:

N =9 (links) +1 (ground) = 10

J =8 (R joints) + 4 (P joints)

Yfi=12

dof =3(N—-1—-J)+Xf;=3(10-1-12)+12=3

(b) Each box can be regarded as a link connected to ground by a 2-dof PP joint. Ap-
plying Griibler’s formula for spatial mechanism yields:

N =7 (links) +1 (ground) =8

J =3 (R joints) + 3 (S joints) + 3 (2-dof joints) =9

Yfi=3x1 (R joints) +3 x 3 (S joints) +2 x 3 (2-dof joints) = 18
dof=6(N—-1—-J)+Xf;=6(8—1—-9)+18=6

(c) Applying the spatial version of Griibler’s formula leads to the following:
N =16 (links) +1 (ground) = 17

J =9 (R joints) + 12 (S joints) = 21

Yfi=9x1 (R joints) +3 x 12 (S joints) = 45

dof = 6(N —1—J)+Xf; =6(17— 1 —21) +45 = 15

The twelve additional dof obtained from Grubler’s formula can be attributed to the tor-
sional rotation of the links (links 1,2,3,4) about their respective axes, which has no effect on
the movement of the robot’s moving platform.

Figure 1: rotation of the links (link 1,2,3,4)



(d) Applying the spatial version of Griibler’s formula leads to the following.
N =16 (links) +1 (ground) = 17

J =9 (R joints) + 12 (R joints) = 21

Sf; =21 x 1 (R joints) = 21

dof =6(N —1—J)+Sf; =6(17—1—21) +21 = —9

Grubler’s formula would thus seem to imply that the mechanism is overconstrained. How-
ever, each parallelogram linkage has one degree of freedom of motion, so that each leg of
the Delta robot is kinematically equivalent to an RUU chain (see Modern Robotics, p. 22).
Replacing each parallelogram linkage by an RUU chain and applying the spatial version of
Griibler’s formula:

N =7 (links) +1 (ground) =8

J =3 (R joints) + 6 (U joints) =9

Yfi=3x1 (R joints) +6 x 2 (U joints) = 15
dof=6(N—-1—-J)+2f;=6(8—1-9)+15=3



Problem 2 (50 Points)

(a) Planar force closure requires a minimum of four frictionless point contacts (provided that
none are placed at corners). Geometrically, each frictionless point contact maps to the vertex
of a tetrahedron that must enclose an open ball centered at the origin. For the problem as
stated, only three frictionless point contacts are given, making force closure impossible to
achieve.

(b) The sum of all the forces and moments exerted on the block must be zero to keep it

stationary:
Zfi:Oand ZTz:O

Figure 2: Three point contacts to resist the external forces.

Let f; be the force at each point contact P;, and FFg, Fiy be the forces exerted at points
R and Q, respectively. The problem can then be reformulated as follows:

3
There exists a; > 0(i = 1,2, 3) such that Zaifi + bpFr + boFop, for all bg,bg > 0(1)
i=1
To+73=0 (2)

where 7; is the moment generated by f; about O and a;, bg, by are the linear coefficients
of the corresponding forces. Note that fi, Fr and Fy do not exert any moments on the
block since their moment arms are all zero. If there exists any non-negative solution (a;,
br,bg) to (1)-(2), the block can be kept stationary. However, both ay and ag must be zero
to satisfy (2) since both of their torques are directed in the negative z-direction. Since
a1 fi +brFr+bgFg = 0 can’t be true for all bg, by > 0 € R, this grasp cannot resist external
forces, that is, the given point contacts are not enough.

(c) It is possible to translate the forces along their lines of action as shown in Figure 3,
because translations do not affect resultant forces or moments exerted on the block (think
about the moment arm of forces.) Translating the forces along their lines of action and
applying Nguyen’s theorem, it can be determined that the position of contact P; must
satisfy 0 <z < 1.
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Figure 3: Two configuration of the forces



Problem 3 (50 points)
(a) From the relation pi3 = p1g + Riopos,

0 01 0 —0.6 0.5
ps=| 1 |+]10 0 05 | =104
1.6 00 -1 0.7 0.9
b) Since & is a unit vector, & = ——(—2,5,1)”. From the Rodrigues formula,
V30
Ry, = I+sinf[@] + (1 —cosh)[w)?
1 0 —1 5 1 —-26 —10 =2
1 + 30 —-10 =5 5
V30 —2 o —2 5 —29
1 0 5 1 4 —-10 -2
— 1 O 2 | +—1| —-10 25 5
V30 o] V| 2 5 1
(c) From the relation vt + 0.1 = p13, = 0.9, it takes 27 seconds for the claw to come
to a stop. At time t = 2m, T15 becomes
/s
é —ﬂ; 0 0.5
Th=|2 % 0 04
0 0 1 09
0 0 0 1

Since the claw stops when the origins of frames {2} and {3} meet, py3 = (0,0,0)7; there-
fore we only need to consider the rotation matrices. From the relation Ro3 = RogRoz =
(Ro1R12)™ Ros,

01 0 22 22
RoyRio= |1 0 0 \/75 \/75 0l = \/Ti _\/75 0 1,
00 —1 0 0 1 0o 0 -1
vz vz V31 VEE vanfs )
2 2 2 2
Ry = (RuRu) Rus= | 2 —2 0 LS g | = f+f ff 0
0 0o -1 0 0 -1 () 0 1
T53 therefore becomes
V26 V2eVE ()
2 4
_V2ve V2V g
T23_ 4 4
0 0 1 0
0 0 0 1



Problem 4 (50 Points)
One possible set of link frames is shown in Figure 4-(a). The corresponding Denavit-
Hartenberg parameters are shown in Figure 4-(b).
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Figure 4: One possible set of link frames and its corresponding Denavit-Hartenberg param-
eters

Another possible set of link frames is shown in Figure 5-(a). The corresponding Denavit-
Hartenberg parameters are shown in Figure 5-(b). Other solutions may exist.
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Figure 5: Another possible set of link frames and its corresponding Denavit-Hartenberg
parameters



M2794.002700 Introduction to Robotics
Exam II
May 11, 2017
CLOSED BOOK, CLOSED NOTES

Problem 1
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Figure 1: UR5 6R robot arm in its zero position.

Figure 1 shows a UR5 6R robot arm in its zero position, with space and end-effector frames chosen
as shown.

(a) Suppose 05 = 0 = 0. For the desired end-effector position and orientation

0o 0 1 3
Tb_—100§
’ 0 -1 0 |

0 0 0 1

find all inverse kinematics solution (61, 62, 63,60,). How many inverse kinematics solutions can you

find?

(b) Show that [Adr| for any T € SE(3) is always nonsingular. Use this fact to argue that the space
Jacobian and body Jacobian always have the same rank.

(c) Consider the following minimization problem that arises in computer vision:
min L(w,v) = [[b(v) — A(v)w]?,

where w,v € R3, b(v) € R?", A(v) € R¥*3, and v € R? must satisfy v"v = 1. Find an expression
for the optimal w as a function of v.



Problem 2
The spatial RRRRRP open chain of Figure 2 is shown in its zero position, with space and end-
effector frames chosen as shown.

Figure 2: RRRRRP open chain

(a) Derive its forward kinematics in the form

Ty = elS1101 6[52]926[53]93Me[54}94€[55]956[56]96’

where M € SE(3).

(b) Is the zero position a kinematic singularity? Explain your answer.

(c) At the zero position, let = (1,1,1,1,1,1)T. Find the linear velocity of the end-effector in {s}
frame coordinates.

(d) At the zero position, two external forces, fert, and feqs,, are applied to the open chain. feyy, =
(—f1,—f2, —f3)T is applied to the end-effector, while feps, = (—f1, —f5, —fs)? is applied to point A
shown in the figure. Both are expressed in {s} frame coordinates. Define f = (f1, f2, f3, f1, f5, f6) ",
and let 7 = (71,72, T3, T4, T5, 7'6)T be the input joint torques required to maintain static equilibrium.
Then 7 and f satisfy the following equation:

T=Kf.

Find matrix K.
(e) Suppose the input joint torques are 7 = (7,3,7,3,0,4)7. Find the minimum norm f that
satisfies the static equilibrium condition.



Problem 3

(a) A six-dof spatial open chain has three of its revolute joint axes coplanar, and a prismatic joint
axis normal to the plane spanned by the three coplanar revolute joint axes (see Figure 3(a)-(i)). Is
this configuration a singularity? Explain your answer.

(b) A six-dof spatial open chain has three of its revolute joint axes intersecting at a common point;
this comon point lies on the plane spanned by two other revolute joint axes (see Figure 3(a)-(ii)).
Is this configuration a singularity? Explain your answer.

(¢) Try to find as many singularities of the 6R PUMA-type arm shown in Figure 3(b). For each
singularity, explain the type using the screw conditions.

Prismatic joint axis——=«|

Revolute joint axis

Revolute joint axis
(i) (ii)

(a) Kinematic singularity involving prismatic and revolute joints.

(b) 6R PUMA-type arm.

Figure 3: Figures for Problem 3.
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Problem 1 (50 Points)

(a) The desired end-effector position and orientation is represented as

0o 0 1 4
T, — -1 0 0 ¥
’ 0 —1 0 ¥
0 0 0 1

Since 05 = 0, it is only ; that can affect the z-axis orientation of the end-effector. The
desired z-axis orientation of the end-effector is (1,0,0)T, which is the same as that of zero
position. #; must therefore be zero.

Z

L
{s} My 2

(a) URS in the desired position and orientation (b) Projected view (elbow-up)

Figure 1: UR5 6R robot arm for Problem 1

As shown in Figure 1, since 65 = 0, axis of joint 5 must be parallel to y-axis of space frame
{s} to yield the desired z-axis and y-axis orientation of the end-effector. From the desired
position of the end-effector and given link lengths, we can derive the projected view as Figure

1-(b). We can easily find out AADC' is an isosceles right triangle. Hence, we can obtain
ZACD, ZCAD, and AC' as follows:

/CAD = ZACD = }lw,

Ac— vz YAl VEV2




Then, from the law of cosines and the property of an isosceles triangle, ZABC, ZBAC, and
ZBCA can be determined:

12 4 12 _ (Y6=v2)2
/ABC = cos™* ( i ( ) ) = cos* (?) = ém

2-1-1
1 5
/BAC = /BCA = 3(r — ZABC) = .

For elbow-up case as shown in Figure 1-(b),

0, = ZCAD + /BAC = %m
03 = -1+ LABC = —gw,
0, = /BCA+ LACD = %W.

For elbow-down case,

0y = L/CAD — /BAC = —éw,
03 =m— LABC = 277,
0y = —/BCA+ ZACD = —%’N.

We therefore have two inverse kinematics solutions:
2

2
(917 627 937 94) = (07 gﬂ-v _277-7 gﬂ-)v
1 5 1
(917 927 93, 94) - (07 _671_7 gﬂ-a _671—)

(b)
(i) Let T € SE(3) be

T:ﬁfﬂ - [AdT]:[[p}]%Rg}

For any R € SO(3) and p € R?, [Ady] always has an inverse.

[Adq] ™ = [_[R};”; o ZST}

Since [Ady| is invertible, it is nonsingular.

(ii) Js(0) = [Adr]Jp(0).
= rank(Js(0)) = rank([Adr]|Jy(0)) = rank(J,(0)).
Reason : For A € R™™ P € R™" if P is nonsingular, rank(A) = rank(PA)



(c) For a given v, this is an unconstrained minimization problem for a function L(w)

. - A 2
min [b(v) — A(v)wl]
FONC : & (w*) =0
L(w) =20 A+ 2w TATA =0
= AT Aw* = ATh
=TIf AT A is nonsingular, w* = (AT A)~'ATb.



Problem 2 (80 Points)

(a) Tweak the standard POE formula using transformation of twist as follows,
Ty = el51101 052102 ,[55]03 [S4]04 ,[S5105 ;[ S6lf6  r
= l511016152102 o[5103 o [91104 £ [95105 £ 15106

[wi] v;

where  [S;] = [ 0 0

} C 1S = [Ady (S)] = M7 SIM.

Geometrical interpretation of S! is simply changing the coordinates from {s} frame to {b}
frame. At zero-position, the end-effector is located at p = (0,0, —2)7 and its orientation is

100
R=100-1
01 0
Thus, rigid body transformation matrix of the end-effector at zero-position is
10 0 O
_|Rp| [00-10
M_{Ol]_ 01 0 -2
00 0 1
To compute screw S; = (w;,v;)T of each revolute joint, get w; as its joint axis and set
v; = —q; X w; where ¢; is an arbitrary point on its joint axis.
i‘ w; Qi v; M w; 4 v;
1/(0,0,1) (0,1,0) (1,0,0) |4] (1,0,0) (0,1,—1) (0,—1,—1)
2((1,0,0) (0,1,-1) (0,—1,-1)|5/(0,0,—1) (0,0,0)  (0,0,0)
3/(0,1,0) (0,0,—1) (1,0,0) |6] (0,0,0) X (0,0,1)

(b) Kinematic singularity occurs when there exists:

1. Two colinear revolute joints

2. Three coplanar and parallel revolute joints

3. Four revolute joints intersecting at a common point
4. Four coplanar revolute joints

5. Six revolute joints intersecting a common line

The manipulator of the problem falls under the first and the third condition: the axes 2 and
4 are colinear revolute joints and the axes 1, 2, 3, and 4 are intersecting at a common point.
Thus, the manipulator at zero position is obviously kinematic singularity.

On the other hand, kinematic singularity can be also determined by rank of Jacobian ma-
trix. If any Jacobian matrix expressed in any frame is not full rank, then it loses at least
one degree of freedom, that is, kinematic singularity. From (a), it is straightfoward to show
that the space Jacobian has rank of 5.



(c) There are mainly three ways to compute the linear velocity of the end-effector:

1. Compute the body Jacobian J, and Vj, = J,0. Then, pre-multiply Ry, to express it in
{s} frame: v = Rgyup.

2. Use the transformation of velocity: V, = [Ady, |Vs = [Adr,]J6. Then, pre-multiply
Ry, to express it in {s} frame: v = Rgvp.

3. By the definition of spatial linear velocity vs = p — ws X p, the end-effector velocity
expressed in {s} frame is v = p = vs + ws X p.

Using the third method, space Jacobian at zero position is:

(01010 0]
001010
7 — 100000
1101020
0-10-10-1
|0-10-10 0 |
Therfore,

-0

2

: 1

V,=J,0 = A

-3

__2—

Thus, the spatial linear velocity v, = (4, —3,—2)7, angular velocity w, = (2,2,1)7, and
p = ps = (0,0,—2)7. Then, it is straightfoward to compute the velocity of the end-effector
p as follows,

4 0 -1 2 0 0
p=vs+wsxp=|[=3|+|1 0 =2 0f=11
—2 -2 2 0 —2 —2

(d) Since static equilibrium is maintained, the forces that the robot is generating are — fe,;, =
(f1, f2, f3)7 and — fepe, = (fu4, f5, f6)T respectively. Vectors from the origin of frame {s} to
the origin of frame {b} and to point A expressed in {s} frame coordinates are

re= 101, r,= 1

Therefore, the spatial forces that the robot is generating are

[ 2fy ] [ 2fs + fo ]
—2f —2fs+ fo
_|Ts X (_fea:h) _ 0 _ | Ta X (_fea:tg) . _f4 - f5
‘FS N |: _fext1 :| N fl ’ -Fa - |: _fea:tz :| B f4
f2 [
| f3 ] e




Denote i-th column of Jg as J; (i = 1,2,3,4,5,6). Joint torques 75 and 74 are affected only

by F:

75 = Ji F, =0,
T6 — Jgfs = —fg.

Joint torques 71, 79, 73 and 74 are affected by F, and F:

lejf(fs—i_«/ra):fl_f&
TQZJg(fs+fa>:f2_f3+f57
T3 =Js (Fs+Fa)=—fi— fi+ fe,
T4zjf(fs+fa):f2_f3+f5'
Putting together,
[ 7 ] 1 0 0 0 —10] [A
Ty 0 1 -10 10 fa
. 31 (-1 0 0 —-101 f3
™|l |01 -10 10 fa
Ts 0O 0 0 0 00O Is
| 76 | | 0 =10 0 0 0] [/fs
Therefore,
1 0 0 0 —10]
0 1 =10 10
-1 0 0 -1 01
K= 0 1 =10 10
0 0 0 0 00O
| 0 -1 0 0 0 0]

Kf.

(e) Substituting the input joint torques 7 = (i, T2, 73,74, 75, 76)~ = (7,3,7,3,0,4)T to the

static equilibrium condition,

T=fi—Js,
3=fa—[3+J5,
T=—hH—Jfit+ T
3=fo—Jfs+ [
0=0,
4 = —fg.
The equations can be simplified as
o= —4,
fl - f5 = 77
—fi—fat+fe =1,
—fstfs=T

6



Let z = (fl; fg, f4, f5, f@)T and b = (7, 7, 7)T Then,

S
1 0 0 -107|/fs

10 =10 1| |ful| =Ax
0 —-10 10]|]f
e

Since f, is constant, the optimization problem can be formulated as:

Il
s

minimize  f(z) = 32’z

subject to g(z) = Az — b= 0.
From the first-order necessary condition for optimality,

of () i /\Tag(x) 2T 2T A= 0,
ox ox

where A € R3. Then,
z=—AT\
Multiplying A to both sides,
Ar = —AAT .
Since rank of A is 3, rank of AAT € R®*3 is also 3 and therefore invertible. Thus,
A= —(AATY ' Az

From the equality constraint g(z) = 0, Az = b. Substituting to the equation above,

A= —(AAT) .

Therefore, the x that minimizes the objective function is

xr=—AT\
= AT(AATY b
1 —-1 0
0 0 —1 9 —1-1]17"'[7
—lo-10]]-13 0 7
10 1 10 2 7
0 1 0
[ 5
-9
— | -6
)
|6




Therefore, the minimum norm f that satisfies the static equilibrium condition is




Problem 3 (50 Points)

(a) Suppose that the the prismatic joint axis is coincident with the z-axis of the fixed frame
and the three revolute joint axes are on the zy-plane of the fixed frame as shown in Figure 2-

(i).

Prismatic joint axis——|

Revolute joint axis

7

Revolute joint axis

(i)

Figure 2: Figure for Problem 3.

(i)
Va(0) @ ws =
Vo (0) @ wgo =
Ves(0) : wsg =
Vi (0) : weg =

W1y
Wiy | ,Vs1 =

Way | ,Vs2 =

Wix W2y W3y 0
W1y Way W3y 0

0O 0 00
0O 0 00
0 0 00

| U1z V2, U3z 1_

There is singularity because the rank of J4(#) is less than 4.



(b) Suppose that the the common point is coincident with the origin of the fixed frame and
two other revolute joint axes are on the xy-plane of the fixed frame as shown in Figure 2-(ii).

W1z O
Va(0) :ws = | wiy | ,va= |0
_wlz _O_
_w2:c 1 _O_
Vea(0) 1 weo = Way | ,U2 = |0
_w2z _O_
_wSx 1 _O-
Vs3(9) W3 = | W3y | Vs = 0
| W3z | _O_
_w4z- [ 0 i
Vs4(9) CWea = | Wyy | ,Vsa = 0
i 0 ] _U4Z
-w5m- i 0 i
V55<0) cWss = | Wy | ,VUs5 = 0
L 0 _ _U5z

Wigy W W3z Wag Wiy

W1y Woy W3y Wyy Wsy

W1z W2, W3y 0 0
0 0 0 0 O
0 0 0 0 O
0 0 0 V4, Uyy i

There is singularity because the rank of Jy(#) is less than 5.

(c) There are only three types of singularity in the 6R PUMA-type arm.

(i) 05 = 7/2 or 37/2

- axes 4 and 6 are colinear.

(i) 03 =0or m

- axes 1,2,3,4,5, and 6 are intersecting a common line.

(iii) m cos by + ncos(fy + 03) =0

- axes 4,5, and 6 are intersecting at a common point and this common point lies on the plane
spanned by axes 1 and 2. (the case of Problem 3(b))

You can check the screw condition easily in each case.

10



In reference, we can check that there is no more type of singularity from Jacobian :

0 1 10 sinfy cos 64 cos 05
sin(6y + 65) 0 01 0 sin 65
J(0) = cos(fy + 63) 0 00 cosfy —sinb,cosbs
—m cos 0, 0 00 ncosly —nsinbicosbs
—lcos(fy + 03) msinf; 00 0 0
i [sin(fy + 03) mcosfs 0 0 —nsinf, —ncos by cos 05 |

detJ () = mn(m cos by + n cos(fz + 03)) sin 05 cos 05

codetJ(0) =0 < 05 =7/20or 3n/2, 03 =0 or m, mcos by + ncos(fz + 03) =0

11



M2794.002700 Introduction to Robotics
Final Examination
7-10 PM, June 13, 2017
CLOSED BOOK, CLOSED NOTES

Problem 1

(a) A single tetrahedron  (b) A single tetrahedron with  (¢) Four tetrahedral modules are connected to-
three struts actuated gether with twelve struts actuated

Figure 1: Three types of structures assembled using tetrahedral modules

Figure 1 shows three types of structures made using tetrahedral modules. All of the legs (struts)
are connected with spherical (S) joints at the nodes. Three base struts are always fixed to the
ground (shown shaded).

(a) Use Griibler’s formula to find the degrees of freedom of the single tetrahedron structure of
Figure 1(a) (the struts are of fixed length). Does the result match your intuition? Explain.

(b) Suppose three struts of the single tetrahedron are linearly actuated by prismatic joints as in
Figure 1(b). Determine the degrees of freedom of the mechanism using Griibler’s formula, and
explain if it agrees with your intuition.

(c) Suppose four tetrahedral modules are attached together to form the complex mechanism shown
in Figure 1(c). Determine the degrees of freedom of this mechanism using Griibler’s formula and
explain if it agrees with your intuition. (Hint: Think of how the degrees of freedom changes whenver
a tetrahedral is added).



Problem 2

A small robotic gripper is designed to pick up polygonal parts as shown in Figure 2. The parts are
regular polygons: all interior angles have the same value 8 and the edges are of equal length £.
Assume there are four types of polygonal parts: triangles, squares, pentagons, and hexagons.

Gripper

(s

Figure 2: Picking up polygonal parts with a robotic gripper.

The gripper picks up a part using two contact points Pj, P, on adjacent edges (Figure 3): P lies
on edge AB, while P; lies on edge BC. Angles a and 3 are defined as shown in the figure. Assume
frictional point contacts with friction coefficient u; the friction cone angle 6 as shown in the figure
is then given by 0 = tan=!(p).

Figure 3: Gripper grasping a part at point contacts P; and Ps.

(a) Referring to Figure 3, derive a lower bound on 6 for the grasp to be force closure. Express your
lower bound in terms of the angles o and /.

(b) Observe « lies in the range 0 < a < m — . What is the value of a such that the force closure
can be achieved with the smallest friction coefficient p? Express this optimal value for « in terms
of the angle .

(c) Assume that p = tan 58°. Which of the four polygonal parts—the triangle, square, pentagon,
and hexagon—can be picked up with the gripper?



Problem 3

Figure 4: 5R robot for Problem 3.

The gripper of Problem 2 is now attached to the 5R robot of Figure 4. The zero position of the 5R
robot is shown in Figure 5; {s} denotes the fixed frame, while {b} denotes the end-effector frame.

Figure 5: Zero position of the 5R robot.

(a) Express the forward kinematics as T = elS1101¢[92]02¢[9310s [Sal04¢[95105 Ny and derive M and S,
i=1,---,5.
(b) A polygonal part must be picked up in the configuration

\%[ 0 ¥ (ﬁ;%)L
3 1 3
7—1% 0 —3 5L
0 1 0 0
0O 0 O 1

Assume 03 is fixed to 03 = 5. How many inverse kinematics solutions does there exist? Derive all
possible solutions 6; in the range —7m < 0; <7, 1=1,2,4,5.

(c) Suppose a polygonal part must be pulled carefully from the wall in the configuration 7" given
in (b). To do so, the robot must pull the part in the —z direction of the end-effector frame {b}
while keeping the same orientation. Suppose the robot’s maximum joint velocity is bounded by
|0]|? < 1. What is the maximum possible linear velocity of the end-effector? (If you cannot solve
this problem for the T' given in part (b), then to receive partial credit, you may choose another
more convenient 7).



Problem 4
Recall the transformation between link frames using the Denavit-Hartenberg parameters:

e Revolute joints: T;_1,; = Rot(Z, a;—1) - Trans(Z, a;—1) - Trans(Z, d;) - Rot(2, ¢; + 0;).
e Prismatic joints: T;_;; = Rot(&, aj—1) - Trans(&, a;—1) - Trans(2, d; + 0;) - Rot(2, ¢;).

(a) Show that T;_; ; can be expressed as Tj_1;(0;) = M;el®1% for both prismatic joints and revolute
joints, and find S € R for each case.

(b) Given the D-H parameters and T}, for an n-dof open chain robot, express the forward kinematics
in the POE form Ty, = elS1101¢52002 - elSnlfn pr.

(c) Assume Ty, = elS101elS21% £ - where S; = (0, —%, @, 0,0,0)", S, = (0,0,0,0,1,0)”, and
Moy, € SE(3) is

010 0
u 001 L
Tl 0 0 LL

000 1

Find, if they exist, the D-H parameters corresponding to the given S and Sa, with 1o, = I, dy = L,
and ¢1 = 0. Otherwise, prove analytically that there are no feasible D-H parameters corresponding
to the given POE parameters.

(d) Assume Ty, = elS101elS2002 N, - where S; = (0, — 3 V3 0,0,0)7, Sy = (0,0,0,1,0,0)7, and My,

T 929
is
01 0 O
M_OOlL
Tl 0 0 LL
0 00 1

Find, if they exist, the D-H parameters corresponding to the given S and Sa, with 1o, = I, dy = L,
and ¢; = 0. Otherwise, prove analytically that there are no feasible D-H parameters correspoding
to the given POE parameters.



Problem 5
The spatial six-dof open chain of Figure 6 is shown in its zero position, with space and end-effector
frames chosen as shown. The pitch of the screw joint is h = 1/27 (m/rad).

x“‘
i
v

>

(D - -

Figure 6: 6-DOF open chain for Problem 5

(a) When 01 =27, 03 = —7/2, 04 = 1, 62 = 05 = 05 = 0, derive the space Jacobian Js(6).

(b) Is the configuration in part (a) a singularity? If yes, explain which degrees of freedom of motion
are lost by the end-effector.

(c) Assume the robot is in the same configuration as part (a). A force f, = (2,1,1)T, expressed
in frame {b} coordinates, needs to be generated at the end-effector. What joint torques should be
applied to generate this desired force?

(d) Now suppose 6, is fixed permanently to #; = 0. At the zero position, the robot’s end-effector
should generate some desired spatial velocity V; € R® expressed in frame {b} coordinates. However,
a solution 6 € R® to V; = J,(0)0 does not exist for the given V. Find the  that minimizes

1(6) = 2 ||Va— 500"

Express the optimal 6 in terms of J,(0) and V.



Problem 6

Figure 7 shows a 3R robot arm in its zero position. All lengths and angles are as shown in the figure.
The three links all have the same shape and mass m = 1, and their center-of-mass frames {c; },
{c2}, and {c3} are attached at the respective link centers of mass. The 3 x 3 link inertia matrix
with respect to the its center-of-mass frame is

T, =

S O
S = O

0
0
2

The link reference frames {1}, {2}, and {3} are attached at each joint as shown in the figure.
Assume that there is no gravity.

(a) Let G; be the 6 x 6 spatial inertia matrix for link ¢ with respect to link frame {i}, i = 1,2, 3.
Find Gq, Go, and Gs.

(b) Let V; be the body twist of link frame {i} expressed in link frame {i} coordinates, and V its
derivative, ¢ = 1,2, 3. The forward iteration equation for V; is given by

Vi=I[Adr,, Vi1 + Aib;,

where A; is the screw axis for joint i, expressed in the link frame {i}. Derive this equation.
(c) Also recall that ' _ ' )
Vi = [AdTi,i—1]Vi—1 + [ade]Alez + -Az(gza
and ‘
Fi= [AdTi+1,i]T’Fi+1 +GiVi — [adVi]TgiVi,

and 7; = ]-"ZTAi, where F; is the wrench transmitted through joint i, expressed in frame {i}. Using
the recursive inverse dynamics algorithm, find mao2(0) and mg2(0), the (2,2) and (3,2) entries of the
mass matrix M (0) when the robot is in its zero position.

Figure 7: 3R robotic arm for Problem 5 shown in its zero position



Problem 7

Figure 8(a) shows a telescope operated by the European Southern Observatory in Chile. It can be
modelled as an RP open chain as shown in Figure 8(b). The chain moves in the -7 plane, with
gravity g=10 acting in the -¢ direction. The two links are modelled as point masses m; = mg =1
concentrated at the end of each link. The link length L = 1.

(a) Telescope for Problem 7. (b) RP open chain model of telescope.

Figure 8: Figures for Problem 7

(a) Using the Lagrangian method, derive the dynamic equations for the telescope.

(b) For the constant input 71 = 0, 79 = mg, the telescope dynamics has the constant solution ; =
/2, @2 = L. Linearize the dynamics about this solution and express it in the form Z = Az + Bw,
where z € R4, w € R2, with z1 = 001, 20 = 002, 23 = 21, 24 = Z3, w1 = 071, wo = 079. If you are
unable to obtain the dynamic equations for part (a), then explain the linearization process in as
much detail as you can.

(c) Since earthquakes strike Chile frequently, a feedback controller must keep the telescope in stable
equilibrium against small disturbances. For the linearized system obtained in part (b), design a PD
control law of the form 67 = kpe + kqé, where e = 64 — 61, 64 = m/2, and k, = 35, such that 6; is
critically damped (that is, the telescope returns to the vertical position as fast as possible). If you
are unable to obtain the linearized dynamics, then explain in as much detail as you can the critically
damped PD control law for a standard mass-spring-damper system of the form m& + bz + kx = u,
where © = 861, u = 671.



M2794.002700 Introduction to Robotics
2017 Final Examination Solution

Problem 1 (50 Points)

(a) Since three base struts are fixed to the ground, the three base struts can be replaced
with a ground. Using Griibler’s formula for spatial mechanism yields:

N = 3 (links) + 1 (ground) = 4,

J =5 (S joints),

S fi=5x3=15,

dof =6(N —1—-J)+> fi=64—-1-5)+15=3.

However, since it is clear that a tetrahedron structure has a rigidity, the expected dof must
be zero. The three additional degrees of freedom from Griibler’s formula can be explained
by the torsional rotations of the links about their respective axis.

(b) Considering the three prismatic joints, using Griibler’s formula for spatial mechanism
yields:

N = 6 (links) + 1 (ground) = 7,

J =5 (S joints) + 3 (P joints),

S fi=5x3+3x1=18,

dof =6(N—-1—-J)+> fi=6(T—1-8)+18=6.

Intuitively, in three-dimensional space, the mechanism has three visible degrees of freedom
at the end-effector. Griibler’s formula overestimates the degrees of freedom also in this case
due to the torsional rotations of the links.

(¢) Suppose we have a result of Griibler’s formula, dof = 6(N — 1 — J) 4+ Y_ f;, before
adding a tetrahedral module. When one more tetrahedral module is attached, we have five
more S joints, three more P joints, and six more links. After adding one more module, using
Griibler’s formula for spatial mechanism yields:

dof

G{(N+6)—1—(J+8)}+()_fi+5x3+3x1)
= 6(N—1-J)+> fi—12+18
= 6(N—1-J)+ Y fi+6.

The degrees of freedom, according to Griibler’s formula, increase by six each time a tetrahe-
dral module is added. Since three more tetrahedral modules are added to a single tetrahedron
serially (i.e., without making a closed loop of modules), we can expect Griibler’s formula
yields overall 24 degrees of freedom for the given mechanism. There must be, however, 12 in-
ternal degrees of freedom from torsional rotations of the links, the actual degrees of freedom
is 24 — 12 = 12.



Problem 2 (50 Points)

Figure 1 shows a gripper grasping a polygon with angle 5. Angle « is defined as shown in
the figure and the friction cone angle is § = tan~!(u), where u is the friction coefficient of
the point contacts.

Figure 1: Gripper grasping a polygon with angle 3

(a) According to Ngyuen’s theorem, the line connecting the point contacts should lie inside
both friction cones to achieve force closure. By geometry, the conditions for the line to lie
inside both friction cones are:

e fyisabove PPy = 0 >a+ (8- %),

o fzisabove PP, = 0> —a.

Therefore, the lower bound on # for the grasp to be force closure is
T,
> max(a+ (8- 1.7 —a).
> max |« + ( 2) 5~
(b) Figure 2 shows the force closure conditions of @ plotted in § — « space, where the shaded

area is the region of 6 for force closure given a and . The smallest friction coefficient
corresponds to the smallest friction cone angle 6*, which is achieved when

T T
9* — A _ Dk
o+ 5 =75 o
where o* is the optimal value for a. Therefore, the optimal value for « is
L T—p
=—
(¢) The smallest friction cone angle 6* that corresponds to the optimal a* is
o ="
2

Given f for each polygon, force closure will be achieved if 6 > 6* = g:



Figure 2: Force closure conditions of ¢ plotted

Triangle: = 60°, § = 58° > g = 30° = Force closure,

Square: = 90°, # = 58° > ’g = 45° = Force closure,

Pentagon: g = 108°, § = 58° > g = 54° = Force closure,

Hexagon: = 120°, § = 58° < g = 60° = Not force closure.

Therefore, triangle, square, and pentagon can be picked up and hexagon cannot be picked
up.



Problem 3 (60 Points)

(a) Revolute joint screw S; = [w;, v;]T where w; is axis of revolute joint, v; is linear velocity of
the origin of fixed frame, v; = —w; X ¢;, and ¢; can be any point lying on its joint axis. Each
of the joint screw S; and the end-effector configuration at zero-position M can be derived as
follows:

l w; qi (%
11(0,1,0) (0,0,0) (0,0,0)
2 (0,0,1) (0,0,0) (0,0,0)
3 (1,0,0) (0,0,0) (0,0,0)
4 (0,1,0) (L,0,0) (0,0,L)
5 (0,1,0) (2L, ,0) (0,0,ZL)

1 0 0 3L

01 0 O

M= 001 0}’
0 00 1

since the orientation of the end-effector is the same as fixed frame and the position is lying
on the x-axis of fixed frame.

Figure 3: Zero position of the mining 5R manipulator.

(b) Since 03 = 7, 62,04, 05 cannot change the z-component of the position of {b} frame, p.,
but only ¢; determines. Thus, given p, = 0 means that ¢, = 0, 7. Given fixed 03 = 7, there
are 4 solutions generally. There are two pairs for each combination of (6;,6s) and (64, 05),
which leads to the total number of combinations, (01, 0s,04,05), is 2 x 2 = 4.

Basically, (04, 05) combinations are elbow-up and elbow-down as Fig 4. Imagine 6; = 7
and 6y = 7, then you can easily figure out that the manipulator pose is perfectly the same
as the home position except the direction of joint axes s, 84, 05 (Later, it will be shown that
01 # 7 because of the orientation of the end-effector.). It is easy to start with position of

4



joint 5, Js5. The position can be derived by translating end-effector towards —z axis of {b}

frame: .
3 V3L
:i‘b = \/73 y Ds=DP— Lj:b = 0 )
0 0

where ps is the position of J; in Fig 4. Then we can compute 6, with cosine law and all
other #;’s can be determined by geometrical calculation.

0 60 04 05
1 1 1
1 0 GZT —137r %7r
3 m —567'(' —1377' —§7T
4 m 671' 577' 5

However, y-axis and z-axis of the body frame, g, and Z,, are not consistent with given
end-effector configuration, 7', when 6; = 7. Thus, the answer should eliminate the cases of
0, = 7 as follows:

6, 0, 0, 05
1 0 %7‘(‘ —%ﬂ' %ﬂ'
2 0 %7? %ﬂ' %ﬂ'

(Elbow-down)

Figure 4: Elbow-up and elbow-down for inverse kinematics.

(c) Using the solution of (b) such that 0 < 6y < 7, we can derive the body jacobian as
follows:

QU W N | .




To minimize scratching, desired velocity of the end-effector is wy, = 0, v, = [~v, 0, 0]7, pulling
in —#; direction without rotation. Since w, =Y, w;6; = 0,

91 - 93 - 0,
Oy + 0, + 05 = 0.
To deal with v, = [—v,0,0]%, it is recommended to solve the problem in b frame. The

velocity components v; of the body jacobian of joint 2, 4, 5 can be derived as follows:

{ W; qi V;
21(0,1,0) (=(1+$)L,0,—3L) (§L,0,~(1+P)L)
41(0,1,0) (—L,0,—L) (L,0,—L)
51(0,1,0) (—L,0,0) (0,0, —L)

Note that (vp), = 0 = —Lfs — Ls — (1 + X2)Lé,. Substituting 6, + 6 + 65 = 0 from
> wif; = 0 leads to 0y = 0 and 6, = —05. The problem is to maximize (vp), = — Lo, — %LQZ
under the constraint ||#|*> < 1. The answer should be,

max ||(vp)s || = max || — Loyl =

L
l6]2<1 62<1 V2
4=2



Problem 4 (70 Points)
(a) For a revolute joint,

E—l,i = Rot (i‘, ozi_l) - Trans (JAI, ai_l) - Trans (27 d,) - Rot (2, sz + 91)
= Rot(Z,a;_1) - Trans (Z,a;_1) - Trans (2, d;) - Rot (2, ¢;) - Rot (£, 6;)

Therefore,

M; = Rot(Z,a;-1) - Trans (z,a;_1) - Trans (2, d;) - Rot (2, ¢;)
S=1J001000]".

For a prismatic joint,

Ti-1; = Rot(Z,c;_1) - Trans (&, a;_1) - Trans (2,d; + 6;) - Rot (2, ¢;)
= Rot(Z,q;_1) - Trans (Z,a;_1) - Rot (2, ¢;) - Trans (2, d; + 6;)
= Rot (2, ;1) - Trans (Z,a;_1) - Rot (2, ¢;) - Trans (2, d;) - Trans (2, 6;)
= M;elS,

Therefore,

Ml‘ = Rot (Zi’, Oéz‘_l) - Trans (Z)AL', Cli_l) - Rot (2, gbz) - Trans (27 dl)
S=1J000001]".

(b) From the result of (a),

Ton = TonTiz- - Th_10T0n
Mle[Al]el Mze[AQ]OQ .. Mne[A"w"Tnh
= (MM MY (M MoelA2% My Mt
(M1 . --Mne[A”]e”Mn’l . ..Mfl) M- M, T,
— MMM 01 (M M) [ A2) (M1 M) 710 o (M M) [An](My+Mo) ™ 0n N p g

elS1101 (82102 | J[Snlbn g

Therefore,

81 = AdM1 (.Al)
Sy = Adpya, (A2)

S, = Adyoar (A)
M = M, ---M,T,,.



(c) Suppose that there exists M; € SE(3) satisfying S = Adyy, (5),
where M1 = Rw(Oéo)Tm(a0>TZ(d1)RZ(¢1>, S = (O, O, 1, 0, O, O)T
(Since S; = (0, —%, \/75, 0,0,0)T, we know that the joint 1 is a revolute joint.)
Oqﬂ —S¢1 0 Qo
M, = S¢10a0 C¢1Ca0 —Sa0  —d1Sa0 _ [ R p } .
S¢1Sa() C¢1Sa0 Cao dlcao 0 1
0 0 0 1

_| R 0 B i
Sl_{[p]li’ R}S’ where § = (0,0,1,0,0,0)".

— (0, —3,%)"= the 3™ column of R, (0,0,0)"=the 3" column of [p]R.

0 0 0

_% =R| O = —Sa(] — OZ():?T/G.
\/Tg 1 CaO

0 0 0

0 = [p]R 0 = CloCaU — ag=0.
0 1 CL()Sao

—)CJ(0:7T/6, ag = 0, dlzL, qul:O

Suppose that there exists My € SE(3) satisfying Sy = Adps,ar, (S),
where M2 = Rx<061)Tw(al)Tz(dQ)Rz((bQ), S = (O, O, 0, 0, O, 1>T
(Since Sy = (0,0,0,0,1,0)7, we know that the joint 2 is a prismatic joint.)

Ton = elM0elS2l02 ypo — npelS190 vy =1 My My el1%2 (M M) = My,

— (M My) "My, = Ty, = 1.
— MMy = My,,.
Let’s check Sy = Adyg,ar,(S), where S = (0,0,0,0,0,1)T.

R 0

SQ = AdMlMQ(S) = AdMOh(S) = |: [p] R R :| S, where MOh = |:

R p
0 11|

— Sy = the 6™ column of [ } =(0,0,0,0,1,0)" — Checked!

0
PR R



MMy = Moy,

1 0 O 0 01 0 0
R S I
Colo Lo L1 00 YL

0 0 0 1 000 1

0 1 0 0

V3 3V3

2 0 -3 —ilL

| 0 0 0 1

[ C¢2 —S¢2 0 ai
— S¢20a1 C(;SQOOA _Sal _dQSocl

S¢25a1 quQSal C’ozl dQCal

0 0 0 1

— 1 :47'('/3, aq :0, d2 :3L/2, gbg = —71'/2

* You can solve it by visualizing the given system.

(d) You can easily show the existence of M; from (c).

Let’s check the existence of Ms.

Sy should be equivalent to Adys, s, (S), where S = (0,0,0,0,0,1).
R 0

Adyy, 2S:1:h66mcolur1qlr10f[ }: 0,0,0,0,1,0)7 #£ 8

— The D-H parameters correspoding to the given system does not exist.



Problem 5 (50 Points)
Figure 5 shows the open chain when 0; = 2w, 03 = —7/2, 0, = 1, 05 = 05 = 65 = 0.

Figure 5: Open chain when 0; =27, 03 = —7/2, 60, =1,0, =05 =05 =0

(a) For joints 2 to 6, set w; as its joint axis and set v; = —w; X ¢;, where ¢; is an arbitrary
point on its joint axis. For joint 1, set w; as its joint axis and set v; = —w; X ¢1 + hwy,
where h is the pitch of the joint.

il w | @ | v;
11(0,0,1) ] (0,0,0) ] (0,0, 1/27)
217(0,1,0)[(0,0,3) | (=3,0,0)
31(0,1,0) | (0,0,4) | (—4,0,0)
1](0,0,0)| x 0,1,0)
5](0,0,0)| x (1,0,0)
6] (0,0,1) ] (3,5,0)| (5,—3,0)
Then, the space Jacobian J,(0) is
JS(Q) _ -w1 Wy W3 W4 W5 We
| V1 V2 U3 Vg U5 Us
[0 0O 0 00 0 ]
0 1 1 0 0 O
B 1 0 0 00 1
o 0 -3 —4 01 5
0 0 0 1 0 -3
| 1/20. 0 0 0 0 0 |




(b) Since the first row of J,(0) is all zero, rank of J,(¢) is smaller than 6. Therefore, the
configuration in part (a) is a singularity. For arbitrary €, it can be seen that

0
Wy
Wy
UZL‘
Uy
Uy

where w,, w., v, vy, and v, are arbitrary values. Therefore, the end-effector cannot rotate
about x-axis with respect to frame {s}. Note that the rank of Jy(6) is 5.
(c) From Figure 5, the rotation matrix from frame {s} to frame {b} is

00 -1
Ry=101 0
1 0 0

Therefore, desired force f;, can be expressed in frame {s} coordinates as

00 -1 2 —1
fo=Rafo=|01 0 | |1|=] 1
1 0 O 1 2

Then, the end-effector will generate moment of

3 —1 2
ms=1rsX fo= 13 | X 1 = | —10 |,
4 2 6

where r is the position of the end-effector expressed in frame {s} coordinates. Then the
spatial force expressed in frame {s} coordinates is F, = (2, —10,6, —1,1,2)7. Therefore, the
joint torques that should be applied are

001 0 0 120 7[ 2 ] [ 6+ ]
010 -3 0 0 ~10 —7
B r= |0 10 -4 0 0 6 | | -6
T=LOF=1000 0 1 o0 1|~ 1
000 1 0 0 1 ~1
001 5 -3 0 || | [ -2 |

(d) Since 65 is fixed permanently to f; = 0, joint 2 can be seen as a part of link between
joint 1 and joint 3. At the zero position, the body Jacobian J,(0) is

0 0 0 O 1
0 1 0 0 0
1 0O 0 0 O
Jb(O) = 9 30 0 0 € R6*2,
0 0O 1 0 O
| 1/20 0 0 -1 —2 |

11



The rank of .J,(0) is 5, which is full rank. f(f) can be expanded to

1O = 5 |ve— 58]
= 2 (Ve B0)6)" (Va 5(0)6)

1 . . .
= 5 (VIVa =2V 3(0)6 + 0 (0) (0)0)

Now we apply first order necessary condition to f (9) to find the optimal 6*:

ofe)| 1 e
00 | B 2(2Jb(0) Jp(0)8" —2J,(0) Vd>
= J(0)T ()" = Jo(0)"Vq
— 0.

Since the rank of J,(0) is 5, rank of .J,(0)".J,(0) € R>*® is 5 and thus invertible. Therefore,
the optimal 6* is

6" = (J,(0)7Jp(0)) " Jp(0) V.

12



Problem 6 (60 Points)

(a) We can find G, from G, = [AalTCll]Tgc1 [Adz, ], where G, = [ IOC 77(1)[ }

I 0
[pql] I

G = [Adr,,]"G.[Adr, ]

We can also derive [Ady, ,| = [ } by Re;1 = 1,pe,1 = (0,0, —3). Therefore,

_ |: Ic - m[p011]2 _m[pcll] :|

m[pe,1] ml

(13 0 0 0 —3 0]
0O 13 0 3 0 O
o 020 0 0
- 0O 3 01 0 0
-3 0 00 1 O

0 000 0 1|

and G; = Gy = g3-

(b)
Vi = T4 To

i

= (To,iflTifl,i)il(TO,iflnTz‘fl,i)

= Eill,iTo_,ilfl(TO,.i—lTi—l,i + TO,i—lE;l,i)

= Eill,iTOtialTO,;flﬂfl,i + ﬂ:ﬁ’iT&il_lTo,i,lﬂ;M
= ﬂill,iTo_,ilflTo,.i—lﬂ—u + TZ_JMTZ—U

= [AdTi,i—l(Vi_l)] + [A’Lel]

ii—1

Vi + Aib;

13



0
Link 1: wy = | 0 | 64(¢). Frame {1} cannot move linearly, v; = 9, = 0.
1
- 0 7 - 0
0 0
0 - 0
vi= |2 v= %
0 0
Link 2:
1 0 O 010 0 1 0
R12: 0 Cy —S89 0 01 = —S9 0 (&)
0 S9 Co 1 00 Co 0 S9
Then, we can find 775 and T5;.
0 1 0 0 0 —s2 ca —Teo
| =52 0 ¢ O |1 0 0 0
T12_ Co 0 S9 7 _>T21_ 0 Co S9 —782
0O 0 0 1 0O 0 0 1
R21 0
Ad =
[Adz, { [p21]Ra1 Rox 1
Therefore, ‘ .
[ 0291 i [ 0 i [ 02'91 i
O. 0 0
: S96 0 6
Vo = [Adp, V1 + Asly = 201 o | = 3201
0 0 0
| 0 ] | 0] | 0 ]
I Cgél — 829192 i
02
Vy = 590 + 2010
0
0
i 0 i

where, sy = sin fy, co = cos 5.
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Link 3:

C3 0 S3
Ro3 = 0 1 0
—S83 0 Cs
Then, we can find T53 and T3,.
c3 0 s3 0 cs 0 —s3  7s3
0O 1 0 O 0O 1 0 0
TQS_ —S83 0 C3 7 —>T32_ S3 0 Cs3 —703
0 0 0 1 0 0 0 1
Rgg 0
Adr,| =
[Adzs,] [ [p32| Rz R3o 1
Therefore,
[ 02391 | [ 0 [ ‘0239.1' |
92. 05 0y +.93
. 82391 0 52391
V3 [ ng]VQ +A3 3 76382 + 0 76392
—76291 0 —70201
L 78302 ] L 0 . L 75392 |

Cozth — 82_;59192_ — 5930105
So301 + ?239192 + 0239193
70392 - 7539293
—762é1 + 7829192
7839.2 + 7039293

Vs =

where, s3 = sinf3, cg = cos s, so3 = sin(fy + 03), ca3 = cos(fy + 03).

From the result, we can derive dynamic equation of the robot by backward iteration.
We assume that the robot is in zero position. (i.e. § = 0)

We only need to calculate components of mass matrix, so we can set 6=0

0] Jo] a6
0 O 02 92+63
0l . b | . - 0
Vi=Ve=wi=| o | = | =] g =]
0 0 0 —76,
| 0 | 0] | 0 | . 0 ]
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Link 3: There is no other external force-moment on the link 3 except applied by link 2.

Fy = gsvs - [a’dV3]Tg3V3

13000 -307[ 6 71 [ 34 ]
0 13 03 0 0 Gy + 0O 346, + 136,
F_| 0 020 0 0 0 B 0
571 0 3 01 0 0 760, | 106y + 3064
-3 0 00 1 0 —76, —106,
i 0 0 0 0 O 1_ i 0 ] i 0 ]
Link 2:
Fo= gQVQ - [a‘dVQ]TQZVQ + [Adez]TF?)
(13 0 00 =3 07 [6] [ 346, ]
0 1303 0 0 Oy 346, + 1365
B 0 0 20 0 0 0 T 0
F2 = 0 3 01 0 0 0 + [Adr] 100 + 305
-3 0 00 1 0 0 —106,
0 000 0 1][o0 | i 0 i
) i
11765 + 340,
?
- ?
?
?

Ty = ]:JQTAQ where Ay = [ 01 00O0O0 ]T, so we only need to calculate the second
component of Fy

Ty = 11705 + 346,

Therefore, mae(0) = 117, m32(0) = 34
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Problem 7 (60 Points)
(a) The position and velocity of link 1 are given by

| @1 | | Lcosth | —Lsinb, g
Pr=1y, | = | Lsing, |~ | Leost, b
while those of link 2 are given by

x| | (L +6)cosby | —(L+6y)sinby cosb 0,
b2 = y2 | | (L+ 6y)sinb, 2= (L + 05)cosb;  sinb, Oy |-

The link kinetic engergy terms K and Ko are

1 1 )
Kio= Sml@’ +4,%) = 5mL2912

1 .9 .9 1 2. 2 : 2
ICQ = §m(x2 +y2 ) = §m((L+92) 01 —f-@g )

1. 1 .
K = ]Cl + ICQ = 5[912 -+ §m022,wh€7”€ I = mL2 + m(L -+ 02)2,
and the system potential energy terms P are
P = mgL31 + mg(L + 92)81 = mgsl(QL + 92)

The Euler-Lagrange equations for this system are of the form

4_i%_% i=1.2
Tz_dtaéi 00;" T

Then, we have

™ = 101 + 2m(L + 92)910'2 + mg(2L + 62)01
Ty = mby — m(L + 92)912 +mgs1, where I = mL?* +m(L + 6,)*.

(b) Let I = 91, To = 02, T3 = 1:1, T3 = fg.
The constant solution is given by

ZLT1:7T/2, :LTQZL? f3:Oa :LT4:Oa ﬂzoa 7:2:mg

Let’s linearize the dynamics about this solution.

5£'B1 = 5%3
5.&72 = (5[L’4
. 39 1
(5$3 = 5—[/5.731 + W(;Tl
. 1
(5.’13'4 = —(57’2.
m
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The matrix form of the linearized dynamics is expressed by

0010 0 0

o000 o 0

— | _
3 0 0 0 L 0
0 000 0 L

(c) We need to use the dynamics related to #;. Since dzz = 61, the equation

. 39 1

0x3 = —=0 —=0
ST AR A

is the independent dynamics about dx; which is operated by d7y.

e = Hd—91 :90{— <0d+591) = —591
omy = kye+ kaé = —k,00; — ka00,

591 - 5—L§91 = W§7—1 == W(—k’pdel — k:d(591)
06, + —=d6 P — =660, = 0.
st G 5 =0
For critical damping, (t,m’zﬁ)2 - 4(% — g—g) should be zero.

Thus, ks = 10.

18



